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ABSTRACT
In some versions of the theory of inflation, it is assumed that before inflation began
the universe was in a Friedmann-Robertson-Walker (FRW) stage, with the energy
density dominated by massless particles. The origin of the nearly scale-invariant den-
sity perturbations is quantum fluctuations in the inflaton field. Here we point out
that under those conditions there would necessarily also be large thermally induced
density perturbations. It is asserted that inflation would smooth out any pre-existing
perturbations. But that argument relies on linear perturbation theory of the scalar
modes, which would be rendered invalid because of the non-negligibility of the vector
and tensor modes when the perturbation in the total density becomes large. Under
those circumstances the original proof that inflation would have the desired smoothing
effect no longer applies, i.e. for the theory to be robust an alternative (and hitherto
unavailable) demonstration of the smoothing that takes account of these non-linear
terms is necessary.
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1 INTRODUCTION
The theory of inflation (Guth (1981), Albrecht & Steinhardt
(1982), Linde (1982)) provides attractive solutions to a
number of cosmological problems, including the large-
scale homogeneity and flatness of the universe. It has
garnered strong support from the COBE and WMAP ob-
servations of the cosmic microwave background radiation
(Smoot et al (1992), Spergel et al (2007), Hinshaw et al
(2009), Komatsu et al (2011)). Quantum fluctuations in a
scalar inflaton field can explain the origin and near scale-
invariant power spectrum of the primordial density pertur-
bations, although getting the amplitude right requires fine
tuning, as is establishing the preconditions for inflation.
Early versions of the theory envisaged a pre-inflationary
Friedmann-Robertson-Walker (FRW) stage. One of the
claimed advantages of the theory was that the rapid ex-
pansion effectively erased all traces of that earlier phase,
although it was realized before (Frieman & Turner (1984))
that that is not strictly true; what it does is not to eliminate
perturbations but to stretch them to unobservable scales.
This leaves open the question of whether there could be
perturbations on very tiny scales that are stretched to ob-
servable size. It has been shown (Magueijo & Singh (2007))
that without drastic modifications such perturbations could
not explain the observed power spectrum of density pertur-
bations.
⋆ E-mail: lieur@uah.edu
Here we wish to go much further than
Magueijo & Singh (2007), to argue that under rather
general conditions the same initial small scale perturbations
would indeed be inevitable and besides having the wrong
power spectrum would be far too large in amplitude to
be consistent with the use of linear perturbation theory.
This is because thermal radiation has large fluctuations
on scales comparable with the thermal wavelength, and
such scales have been stretched to cosmological size today.
Under these circumstances, it is not possible to say what
the outcome would be. It should be emphasized that there
is a key difference between this paper and previous ones
on the topics of ‘warm inflation’ and ‘thermal inflation’.
These latter rely on either a mild to strong coupling
between the inflaton and some other field to maintain a
thermal medium even during the slow roll phase (Berera
(1995a,b)), or an extension of standard model to include
an additional period of inflation with a significant thermal
component (Barreiro et al (1996)). The question we are
asking, on the other hand, is ‘what happens if there was a
pre-inflationary radiation dominated universe’? This phase
can certainly exist independently of ‘warm’ or ‘thermal’
inflation. It is an especially pertinent question because the
cosmologically relevant scales today could very easily have
originated from scales well beneath one wavelength of such
a radiation component. None of the three papers cited
above, nor papers related to them, addressed the extremely
quantum phenomenon of fluctuations on the wavelength
and sub-wavelength scales. That is the purpose of our work.
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It has also been previously argued
(Vachaspati & Trodden (1998)) that inflation requires
fine-tuned initial conditions in the sense that the relevant
part of the universe must already be very smooth. We
suggest that it is essentially impossible to satisfy that
condition if there is a pre-inflationary FRW stage.
There are obvious ways in which the theory could avoid
the problems we currently raise. Most simply, the universe
could be born inflating (Vilenkin (1982), Hartle & Hawking
(1983)). Later versions of inflation, such as chaotic inflation
(Linde (1983), Linde (1986)) do not necessarily begin with
a pre-inflationary FRW phase, and might therefore seem to
be unaffected. Even then, however, thermal radiation may
be present, both because de Sitter spacetime has a horizon
and because radiation is created by the decay of the slow-
rolling inflaton. This is an issue we hope to discuss in a
future paper.
Let us assume that in the pre-inflationary phase the
patch of the universe from which today’s Hubble volume
evolved contained a fluid of massless particles, with in-
teractions weak enough to treat them as free, but strong
enough to maintain thermal equilibrium. The latter is con-
firmed, especially for the light particle field, by a detailed
analysis of the thermalization rate during inflation, see
Bastero-Gil et al (2013). We also assume the existence of an
inflaton field providing vacuum energy that will eventually
come to dominate and induce a period of inflation.
Now suppose that the vacuum energy starts to domi-
nate at an initial time ti, at which ρr(ti) = ρv(ti), where ρr
stands for the energy density of the radiation and ρv for that
of the inflaton field. When inflation ends at a reheating time
trh, the vacuum energy is converted during a relatively short
time interval δt to radiation. Thus ρr(trh + δt) ≈ ρv(trh).
Now ρv is nearly constant during the inflationary era, so
ρv(trh) ≈ ρv(ti). Thus it follows that ρr(trh + δt) ≈ ρr(ti),
which means that the physical temperature Tphys of the ini-
tial radiation at ti is approximately the same as that of the
newly created radiation just after trh. But note that this is
not the same radiation; the pre-existing radiation has by
this time become a negligible fraction of the total energy.
This Tphys is a large temperature, but still some orders of
magnitude below the Planck energy. It is convenient to use a
‘comoving temperature’ T = aTphys which is nearly constant
except during any period of warm inflation or reheating.
More precisely, g1/3T is constant, where g is the number of
helicity states of massless particles (with fermions counted
as 7
8
). For the universe since reheating, allowing for the effect
of neutrino decoupling and electron-positron annihilation,
g1/3T =
(
43
11
)1/3
T0, (1)
where T0 = 2.7K is the CMB temperature today. Thus the
approximate equality of the physical temperatures before
and after inflation means that
Ti
Trh
=
T (ti)
T (trh)
≈
ai
arh
=
a(ti)
a(trh)
= e−N , (2)
where N is the number of e-folds of inflation (assuming there
is no change in the value of g). Equivalently, the comoving
temperature in the pre-inflationary phase is
Ti ∼ 0.3e
−NT0. (3)
This assumes that g ∼ 100, but the result is not very sensi-
tive to the value of g.
2 DENSITY FLUCTUATIONS IN THERMAL
EQUILIBRIUM
In any thermal system there are fluctuations. Before pro-
ceeding further, we need to estimate how big the density
fluctuations are in a gas of massless particles in thermal
equilibrium. Of course in the classical region where k ≪ T ,
the answer is well known and easily derivable from thermo-
dynamic arguments (see e.g. Ferreira & Magueijo (2008)).
But the result for k > T is not so obvious.
Since we are assuming that the system is expanding
slowly enough to remain in thermal equilibrium, it will be
sufficient to consider Minkowski spacetime. For simplicity
we consider only a single massless scalar field φ. For the
general case, we simply have to multiply by the number of
helicity states g.
The energy density of the field is u(t, r) = 1
2
: [φ˙2(t, r)+
(∇φ)2(t, r)] :, where the colons denote normal ordering. In
terms of creation and annihilation operators,
u(0, r) =
1
2
∫
d3k
(2pi)32k
∫
d3k′
(2pi)32k′
(kk′ + k · k′)
[
− a(k)a(k′)ei(k+k
′)·r − a∗(k)a∗(k′)e−i(k+k
′)·r
+2a∗(k)a(k′)ei(k−k
′)·r
]
. (4)
Now in equilibrium at temperature T , 〈a∗(k)a(k′)〉 =
16pi3kn(k)δ3(k − k
′), where n(k) = (ek/T − 1)−1. For the
mean value of u only the last term in (4) contributes, so
〈u〉 =
1
(2pi)3
∫
d3k kn(k) =
1
2pi2
∫
∞
0
k3n(k)dk =
pi2
30
T 4. (5)
Of course the result for photons is the same, except for a
factor 2 arising from the two polarization states.
What we want to calculate is the dimensionless density
perturbation power spectrum,
P(k) =
k3
2pi2
P (k) =
k3
2pi2
∫
d3r ξ(r)e−ik·r, (6)
where ξ, the density correlation function, is defined by
ξ(r) =
〈u(0, r)u(0, 0)〉
〈u〉2
− 1, (7)
To evaluate this, we now substitute (5) into 〈u(0, r)u(0, 0)〉
twice. Clearly, the only terms that will give nonzero contri-
butions are those with two as and two a∗s. Moreover, since
there is no correlation between different wave vectors, there
must be two delta functions relating the arguments of the
as to those of the a∗s. One term will simply reproduce the
square of 〈u〉, so cancels the 1 in (7). In addition, there is
a divergent term that would be present even at zero tem-
perature, which must also be subtracted. In the remaining
terms, the integration variables can be chosen so that each
contains the same delta function δ3(k− k1 − k2):
P(k) =
k3
2(2pi)5〈u〉2
∫
d3k1
k1
∫
d3k2
k2
δ3(k− k1 − k2)
n(k1)[n(k2) + 1]× [(k1k2 + k1 · k2)
2 +
(k1k2 − k1 · k2)
2]. (8)
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Next we can do the angular integrations, using k1 · k2 =
1
2
(k2 − k21 − k
2
2). It is convenient to introduce the two di-
mensionless integration variables X = (k1 + k2)/k and
Y = (k1 − k2)/k. Thus we find
P(k) =
k8
256pi4〈u〉2
∫
∞
1
dX
∫ 1
−1
dY [(X2 − 1)2 + (Y 2 − 1)2]×
[e(X+Y )k/2T − 1]−1[1− e−(X−Y )k/2T ]−1. (9)
To perform the integrals, we may expand the denominators,
obtaining
P(k) = 900
(
k
2piT
)8 ∞∑
r=1
∞∑
s=0
∫
∞
1
dX e−(r+s)Xk/2T
∫ 1
−1
dY ×
e−(r−s)Y k/2T × [(X2 − 1)2 + (Y 2 − 1)2]. (10)
(Note the differing ranges of the summations. The s = 0
term arises from the +1 in (8).) The integrals can now be
performed. To write the result in a reasonably concise form,
we introduce the abbreviation
fr =
rk
2T
, (11)
Then we find
P(k) =
225
8
(
k
piT
)8 ∞∑
r=1
∞∑
s=0
{
e−fr+s(f2r+s + 3fr+s + 3)
f5r+s
×
efr−s − e−fr−s
fr−s
+
e−fr+s
fr+sf5r−s
[efr−s(f2r−s − 3fr−s
+3)− e−fr−s(f2r−s + 3fr−s + 3)]
}
. (12)
We are most interested in the limiting forms of P for
small and large k/T . Expanding in powers of k/T we find
that all terms in (k/T )2 cancel, and the leading term is
P(k) ∼
5400k3
pi8T 3
∞∑
r=1
∞∑
s=0
1
(r + s)5
=
5400k3
pi8T 3
ζ(4) =
60k3
pi4T 3
, (13)
valid for k → 0 and in agreement with the classical expres-
sion for this limit. To further elaborate upon this agreement,
(13) is smaller than the power spectrum of thermal photons
in the small k limit by a factor of two, which is exactly what
one expects because photons have two internal degrees of
freedom (i.e. (δu)2 and u¯ are both larger, hence (δu/〈u〉)2
smaller, by two times relative to the massless particles).
So far as the large-k behavior is concerned, we can drop
all terms involving decreasing exponential factors. The only
surviving terms are those with s = 0 and where the two
exponentials cancel. Keeping only these, we have
P(k) ∼
225
8
(
k
piT
)8 ∞∑
r=1
f2r + 3
f6r
(k →∞). (14)
The leading term is the one in 1/f4r , which gives
P(k) ∼
900ζ(4)k4
pi8T 4
=
10k4
pi4T 4
(k →∞). (15)
The point at which the two asymptotic forms (13) and (14)
agree is where k/T = 6. It would also appear that, from the
nature of this calculation, P (k) becomes large at large k for
many other states besides exactly thermal ones.
Before leaving this section we revisit our procedure of
divergence removal to show that it is robust and consistent.
When calculating 〈u〉 we subtracted the infinite vacuum con-
tribution, or equivalently normally ordered the factors in u.
In the case of 〈u(r)u(0)〉 we again subtracted the divergent
vacuum contribution, but in that case the procedure is not
equivalent to normal ordering. In fact, although the direct
normal ordering of 〈u(r)u(0)〉 does lead to a e−k/T cutoff in
P(k) in the k ≫ T limit, in the k ≪ T limit the P(k) so pro-
duced disagrees with the well-known formula for the thermal
density fluctuations of a massless scalar. Specifically, the ef-
fect of : 〈u(r)u(0)〉 : is to replace n(k2) + 1 in eq. (8) by
n(k2). In eq. (10) that would mean dropping the s = 0 term
in the summation. The result in eq. (13) would be to re-
place ζ(4) by ζ(4)− ζ(5), giving the wrong coefficient. Con-
cerning the well known behavior of thermal fluctuations on
super-wavelength scales, therefore, directly normally order-
ing 〈u(r)u(0)〉 would lead to the wrong answer altogether.
To elaborate further the physical meaning of our renor-
malization procedure, we note that as with any bosonic field
theory, the vacuum expectation value of the energy density
is formally divergent. Unless one invokes a manifestly su-
persymmetric formalism, wherein the cancelation between
fermionic and bosonic contributions happens automatically,
one must explicitly get rid of such infinities (which is the
common practice). Here we achieve that by subtracting the
divergent zero-temperature expectation value. This is equiv-
alent to normal ordering the factors. Similarly when it comes
to calculating the correlation function, there is again a diver-
gent zero-temperature contribution that must be removed,
although in that case the procedure is not equivalent to nor-
mal ordering, rather the same as the one was adopted by
e.g. Hall et al (2004), eq. (44), although this earlier paper
did not include any derivation of the power spectrum in the
k ≫ T reg´ıme.
3 PERTURBATIONS IN THE EXPANDING
UNIVERSE
Thus far we have considered a static universe. Suppose, how-
ever, that we have an expanding universe in which expansion
is slow enough to allow the radiation to remain close to ther-
mal equilibrium. The results above will then hold to a good
approximation. Note that since both k and T are ‘comoving’,
k/T = kphys/Tphys.
The result (15) suggests that P(k) becomes much larger
than unity when k ≫ T . This means that the standard devi-
ation of a measurement of the radiation energy in a volume
of size smaller than the typical wavelength of the radiation
is much larger than its mean value. Given that the energy
cannot be negative, this implies a highly non-gaussian dis-
tribution. Clearly it would be difficult to devise an experi-
ment to measure directly the energy density perturbations
on scales smaller than this wavelength. We are interested in
a ‘measurement’ mediated by perturbations in the gravita-
tional field.
Moreover, we are discussing a quantum fluctuation in
the energy of the radiation gas. There is an inevitable am-
biguity because we are interested in classical gravitational
effects of a quantum source. One would normally assume
that there is a process of decoherence, induced by the ex-
ponential expansion, in which the quantum distribution is
c© 0000 RAS, MNRAS 000, 000–000
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replaced by a classical statistical distribution. In estimating
the magnitude of the density perturbations as the universe
expands, we might use a ‘typical’ value of δ. Mention should
also be made of the fact that, for k > T ,
√
P(k) cannot
actually be regarded as a ‘typical’ value of δ on the length
scale 1/k.
4 DISCUSSION
We are interested in the dimensionless power spectrum P(k)
of the density fluctuations. Here k and T are both comov-
ing, so k/T is the same as in physical units. So long as
k ≪ T , then P(k) is given by (13). But the key point is that
when k/T becomes of order unity, or in other words when
the wavelength of interest becomes of the same order as the
typical wavelength of the radiation then P(k) itself is of or-
der 1. According to the above calculation, for k ≫ T then
we have even larger perturbations. Consequently we cannot
rely on linear theory (while this point needs no further elab-
oration by now, it is nevertheless further discussed in Lieu
(2013)).
The problem here is that the relevant scale can easily
be one of cosmological significance. According to (3), k ∼ T
when 1/k ∼ 3eN/T0. Thus for N = 60 this scale would be a
few Mpc.
It has been argued that any pre-existing perturbations
present before the start of inflation will be ironed out by
the rapid expansion (e.g. Bardeen et al (1983)). However,
the argument fails if these perturbations are of order unity,
because then linear perturbation theory is invalid. Proceed-
ing with the conventional approach (i.e. ignoring the ef-
fects discussed in the end of the previous section), it might
be thought sufficient for the validity of perturbation the-
ory that the gravitational potential Φ ≈ Ga2δρ/k2 ≪ 1
(this same inequality holds also for the radiation era super-
seding reheating, which explains why sub-wavelength scale
fluctuations of ordinary radiation does not produce small
black holes). However, when the relative density excursion
is of order 1 or larger, as is the case on the scale k ∼ T
at the start of inflation, then even with Φ ≪ 1 the vector
and tensor modes are coupled to the scalar modes and be-
come important (see section 4.6 of Bertschinger (1993), also
Mollerach & Matarrese (1997)). Although it is possible that
nonlinear effects can smooth out the perturbations, this has
not been demonstrated. It is far more likely that they would
be observationally unacceptable.
One ‘escape’ might be to postulate a substantially larger
value of N , say N > 70. In that case the length scale at
which k ∼ T would be larger than the present Hubble radius.
In reality this ‘solution’ actually accentuates the problem,
because according to (15) P(k) has not decreased towards
the smaller cosmological scales that corresponded to k > T
(this understates the case, as P(k) actually increases), i.e. on
these scales linear perturbation is invalidated even more. In
fact, under the scenario patches of size such that k > T will
inflate at very different times, due to the large variation in
the density ratio of radiation to inflaton, resulting in a highly
inhomogeneous observable universe. Another apparent way
out is to invoke a protracted reheating period at the end of
inflation, so that the physical temperature before inflation
is higher than after, thereby placing the thermal wavelength
scale of k ∼ T deeper within the horizon at t = ti. Yet there
is a compensating effect at work against this: if reheating
takes many Hubble times to complete, the horizon will move
out significantly during this phase, i.e. the initial horizon at
t = ti will likewise be smaller, rendering it difficult to ‘bury’
the problematic k > T scales.
The issue raised poses a real difficulty for the theory
of inflation. The scenario we have discussed is only one
possibility. It could also be that the pre-inflationary phase
is dominated by extremely massive cold particles, such as
monopoles arising from an early phase transition, but in such
a case it seems likely that there will again be large fluctua-
tions on very small scales, unless a superfluid is postulated
for the phase (as noted after (15), most fluids would exhibit
a P(k) divergence towards k ≫ T , not just thermal ones).
Even if inflation is ‘warm’ it is not obvious how the initial
non-perturbative situation of the pre-inflationary phase may
be averted. However, if such a phase is altogether absent, or
indeed consists of a highly homogeneous superfluid to start
with, then of course that would be the ‘ultimate fix’. But
in this case, inflation cannot claim to have explained why
we fail to find evidence (directly or indirectly) for the relic
particles and the curvature of space.
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